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Abstract
Investigation of Buoyancy-Driven Convection in Non-Axisymmetric Evaporating
Droplets Confined on Hollow Micropillars
By
De Dong
Department of Mechanical Engineering and Materials Science
Washington University in St. Louis, 2021
Research Advisor: Professor Damena Agonafer

Sessile droplet evaporation is ubiquitous in natural and industrial processes, including
mammal perspiration, transpiration by plants, and industrial spray cooling. Although
extensive evaporation-related research has examined convection effects inside
droplets, most studies have been based on hemispherical droplets. Hence the
underlying mechanisms of evaporation from non-axisymmetric droplets are not well
understood. Here, we investigate the mechanisms of evaporation from nonaxisymmetric droplets with sizes ranging from 100 μm to 8 mm. An experimentally
validated finite element model simulates different transport mechanisms during
evaporation. For non-axisymmetric droplets larger than 4 mm, we observe a nonuniform recirculation pattern in the azimuthal direction, leading to non-uniform
temperature distributions not observed in hemispherical droplets. Analysis of the local
thermal resistance shows that the recirculation patterns change with different sizes
and azimuthal angles, which is caused by the competing effects of capillary force and
buoyant force. For 8 mm droplets, the conduction resistance peak shifts from r/R =
0.9 to r/R = 0.63 as the azimuthal angle increases from 0° to 60°, indicating that the
recirculation vortex is moving away from the contact line region. In the droplet size

v
range from 8 mm to 4 mm, at an azimuthal angle equal to 60°, the conduction
resistance peak shifts from r/R = 0.63 to r/R = 0.55, indicating that buoyancy-driven
flow is becoming less dominant over capillary flow. For 2 mm and smaller droplets,
the absence of a recirculation vortex shows the dominance of capillary flow over
buoyancy flow. These findings offer new insights into evaporation from nonaxisymmetric droplets, revealing for the first time how the convection pattern
changes.
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Chapter 1. Introduction

This chapter briefly presents the background of the sessile droplet evaporation and the
convection mechanism behind it. In order to understand this phenomenon, a variety of
numerical studies and experimental studies have been carried out in different
situations, among which most of the studies are done based on the hemispherical
droplet, while the convection inside the evaporating non-axisymmetric droplet have
not been revealed. Specifically, the unique convection pattern due to the nonaxisymmetric droplet’s geometry and how the convection pattern influences the heat
transfer performance. Therefore, I develop a comprehensive experiment validated
numerical model and perform the simulation under different sizes to show the
convection pattern and its connection with heat transfer.

1.1 Background
Sessile droplet evaporation underlies many applications in biology [1], heat transfer
[2, 3], and materials science [4]. As a complex process governed by various transport
mechanisms, sessile droplet evaporation has been widely studied. Its mechanisms
include heat conduction from a solid substrate to liquid and gas domains, convection
inside a liquid or gas domain, and diffusion-induced and evaporation-induced selfcooling at a liquid-gas interface. Although these mechanisms are coupled, they are
still affected by different material properties. For example, conduction is influenced
by the material’s thermal conductivity, while convection is influenced by pressure and
temperature. Transport mechanisms are also influenced by system conditions, e.g., the
substrate’s wettability, the system pressure, and the relative humidity of the gas
domain. Convection is the most complex and variable mechanism, being dependent
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on the system’s scale, temperature, pressure, and velocity. Inside a droplet undergoing
sessile evaporation, a recirculation flow pattern is created by three different
convection mechanisms, all competing with one another: capillary flow, Marangoni
flow, and buoyant flow. Outside the droplet, while buoyancy flow still exists in the
surrounding gas, Stefan flow is also induced by diffusion. Capillary flow is driven by
viscous drag: nonuniform evaporation along the interface causes the liquid to move
towards the contact line region, replenishing lost mass [5]. In an evaporating droplet,
Marangoni flow is driven by surface tension gradients created by differences in
temperature at the surface [6]. Buoyant force is created by an internal density
gradient, caused by nonuniform temperature and pressure distributions. [7] The
competition between the three mechanisms can be influenced by many factors,
resulting in different recirculation flow patterns. Most of these factors have been
thoroughly studied, including fluid type, droplet size, and contact angle [5], as well as
thermal conduction between a substrate and liquid [8]. Outside the droplet in the gas
domain, convection influences the interface temperature, which then further
influences the convection pattern inside the droplet. Although it has previously been
thought that Stefan flow can be neglected for droplets beyond a certain size [9], the
latest research shows that even weak Stefan flow suppresses buoyancy-induced
convection by up to 40%. [10]

1.2 Motivation
It remains true that almost all current research on convection in droplets is based on
axisymmetric hemispherical droplets. Convection and flow motion inside nonaxisymmetric droplets and vapor behavior outside such droplets have not been
discussed. Non-axisymmetric shapes lead to different Marangoni flow, buoyant flow,
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and capillary flow. A non-axisymmetric shape’s large thin film area generates a
strong evaporation flux that creates a strong inlet flow. The resulting convection
patterns differ from those in sessile hemispherical droplet evaporation.
Nomenclature
C
concentration [mol/m3]
Cp

heat capacity [J/kg·°C]

D

diameter of gas domain [mm]

Ddiff

diffusion coefficient [m2/s]

μ

viscosity [Pa·s]

ρ

density [kg/m3]

Subscript
2

g

gravitational acceleration [m/s ]

cond

conduction

hfg

latent heat [J/g]

conv

convection

h

height of pillar [mm]

diff

diffusion

J

evaporative heat flux [kg/m2s]

l

Lc
𝑚̇
M
n
P
R
𝑅̅
r/R
T
V
v

characteristic length [μm]
evaporation rate [kg/s]
molar mass [kg/mol]
mole [M]
pressure [kPa]
thermal resistance [W·m2/K]
universal gas constant
normalized radius
temperature [°C]
volume [m3]
velocity [m/s]

local
lv
sat
sub
s
sl
ref
v
∞

Greek letters
azimuthal angle [°]


liquid
local
liquid-vapor interface
saturation
substrate
solid
solid-liquid
reference
vapor
far-field

Dimensionless number
Bo
Bond number
Ra
Rayleigh number
Pé
Péclet number

1.3 Simulation Setup
Here, a comprehensive finite element model (FEM) is proposed to avoid the
numerical uncertainties and instability that arise when typical volume of fluids (VOF)
models is used to calculate the interface's thermal properties [11, 12]. Our model is a
version of a previous vapor diffusion-based model [13, 14, 15] that was validated by
Popov’s model. [16] We added convection to the model, including Marangoni flow
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and Stefan flow at the droplet interface and buoyant flow in both the droplet and gas
domains. For accuracy, the Boussinesq approximation used in peer studies is not
employed. [17, 18, 19, 20] Instead, it is replaced by fully compressible Navier-Stokes
equations to describe temperature-dependent thermophysical properties. This
approach yields a more accurate value for the surface evaporation flux. In any event,
Boussinesq approximation is inappropriate when the temperature difference in the air
domain between the interface and far field is higher than 15 degrees, or higher than 2
degrees in the droplet domain between the interface and the substrate [21].

1.4 Scope of the Thesis
After validating the model with experiment results, we study the thermal performance
associated with the different competing convection mechanisms globally and locally.
Depending on the convection pattern, changes in the local thermal resistance result in
peak values at different normalized radii and different azimuthal angles. From the
apex to the contact line, convection causes the local thermal resistance to decrease
non-monotonically. Competition among different convection mechanisms based on
size effects also causes different thermal performance. Analytic and numerical models
predict the dominance of Marangoni flow over buoyant flow at small Bond numbers,
a dominance that determines the recirculation direction. [17, 22, 23] Analytic models
and experiments also confirm the absence of Marangoni flow during droplet
evaporation, due to unavoidable subtle surfactant contamination [23, 24, 25].
Although our numerical model incorporates all the convection effects, inside and
outside the droplet as well as in the interface, the local thermal resistances are linked
with the simulation results without Marangoni flow, considering the suppressive
effect of contamination and over-prediction by the analytic model [24].
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This work aims to reveal the convection patterns in non-axisymmetric droplets by
coupling all the phenomena without any inaccurate approximations. It further seeks to
reveal, for the first time, the association between local thermal performance and
different dominant convection patterns. By comparing the non-dimensional Bond,
Péclet, and Rayleigh numbers with studies of local thermal resistance for different
sizes of droplets at different temperatures, it will achieve a thorough understanding of
non-axisymmetric droplet evaporation.
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Chapter 2. Simulation Methodology
This work models the steady-state evaporation to ambient air of a liquid droplet
resting on an axisymmetric micropillar on a heated substrate. As shown in the Fig1, a
3D non-axisymmetric droplet is generated by Surface Evolver to ensure the volume,
contact angle, and surface area are fully representative of the real situation. A large
hemispherical air domain with a diameter 50 times larger than the pillar size encloses
the droplet to ensure that the far field boundary effect will not influence the vapor
transport in the gas domain. Due to the partially axisymmetric of the model, only onesixth of the model is used for simulation and symmetry conditions are added to the
boundary. Previous hemispherical droplet studies used to put the droplet on a flatted
substrate [5, 22, 26] or curved substrate [27]. However, by doing so, the confinement
effect around the contact line region will suppress the evaporation. Related study gave
proper height of the pillar that can avoid the confinement effect [14]. By avoiding
confinement effects near the contact line region, we can obtain more accurate
evaporation flux thereby further ensure the accuracy of the model.
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Figure 1. Schematic of the simulation domain including the geometry and the

associated boundary conditions. A constant temperature of 90 ℃ was set at the
bottom surface of the fluid domain as the red arrows suggest; a constant pressure was
set at the bottom surface of the fluid domain and the purple arrows show the inlet
flow; and a gauge pressure of 0 was set at locations far away from the micropillar.
Due to partial symmetry, the simulated domain is taken from 1/6 of the complete
domain.
The steady-state analyses are performed with COMSOL Multiphysics, The steady-state
analyses are performed with COMSOL Multiphysics, in which the iteration stops when
the evaporation rate and temperature at the liquid-gas interface stay constant over a
period. Our previous studies [13, 15] analyzed a diffusion-based model validated by
Popov’s model [16], but they considered only capillary flow. In the new model, laminar
flow is added in both the liquid domain and gas domain to model the convection due to
buoyancy-driven flow. In both the liquid and gas domains, the temperature field is
governed by both conduction and convection. Thus, to solve for temperature and
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velocity, our model incorporates continuity, momentum, and energy equations:
𝛻 ∙ (𝜌𝜈) = 0
2
𝜌(𝜈 ∙ 𝛻)𝜈 = 𝛻 ∙ [−𝜌𝐼 + 𝜇[𝛻𝜈 + (𝛻𝜈)𝑇 ] − 𝜇(𝛻 ∙ 𝜈)𝐼] + 𝜌𝑔
3

𝜌𝐶𝑝 𝜈 ∙ ∇𝑇 − ∇ ∙ (𝑘∇𝑇) = 𝜌𝐶𝑝

(1)

𝜕𝑇
𝜕𝑡

In the solid domain, which is the pillar, heat transfer is governed only by the heat
conduction equation,
𝛻 2𝑇 = 0

(2)

At the bottom of the pillar, where it meets the substrate, a constant temperature
boundary condition is applied.
The equations describing the interface between the liquid domain and gas domain are
derived from the mass transfer balance across the interface. Because of the high latent
heat, evaporative heat transfer dominates the heat transfer across the interface, the
modeling of evaporative flux is of great importance in modeling the temperature and
velocity fields. The steady state species transport equation is applied to solve the vapor
concentration, so that the evaporative flux can be calculated based on the vapor
concentration:
⃗ ∙ 𝛻𝐶𝜈 + 𝛻 ∙ (𝐷𝑑𝑖𝑓𝑓 𝛻𝐶𝑣 ) = 0
−𝑉

(3)

⃗ indicates that the flow in the gas domain is driven by both
where the velocity term 𝑉
Stefan flow and thermal buoyancy flow. Here, we model the thermal buoyancy flow in
COMSOL by setting density as a function of the local temperature and setting the liquid
property as compressible flow. The evaporative flux at the liquid-vapor interface then
is calculated as
𝐽 = 𝑀(−𝐷𝑑𝑖𝑓𝑓 𝑛⃗ ∙ ∇𝐶𝑣 + 𝑣𝑛 𝐶𝑣 )

(4)
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where M is the molar mass; 𝐷𝑑𝑖𝑓𝑓 is the diffusion coefficient, which here is set as a
function of temperature in Eq. (5); and n is the normal direction of the interface. The
first term on the right side of the equation represents mass transfer due to diffusion, and
the second term represents mass convection caused by Stefan flow. At the interface,
since the net mass transport of air is zero, the diffusive air transport to the interface and
the convective air transport out of the interface should be same, which can be modeled
as
2

𝑇 3
𝐷𝑑𝑖𝑓𝑓 (𝑇) = 𝐷𝑑𝑖𝑓𝑓 (
)
𝑇𝑟𝑒𝑓

(5)

𝐷(𝛻 ∙ n)𝐶𝑎𝑖𝑟 = 𝑣
⃗⃗⃗⃗𝑛 𝐶𝑎𝑖𝑟

(6)

The velocity of the vapor leaving the liquid-vapor interface can be obtained by solving
Eq. (6):
𝑣
⃗⃗⃗⃗𝑛 =

1
𝜕𝐶𝑎𝑖𝑟
1
𝜕𝐶𝑣
∙𝐷
= −
∙𝐷
𝐶𝑎𝑖𝑟
𝜕𝑛
𝐶𝑔 − 𝐶𝑣
𝜕𝑛

(7)

During the simulation, mass transfer is balanced across the interface by coupling it with
the evaporative flux, and energy balance across the interface is achieved by equating
the conduction heat flux and evaporative heat transfer. Because the interface
temperature is controlled below the boiling point, radiative heat transfer is ignored.
Mathematically,
𝜕𝐶𝑣,𝑙𝑣
+𝑣
⃗⃗⃗⃗𝑛 𝐶𝑣,𝑙𝑣 ) ℎ𝑓𝑔 − n ∙ (−𝑘𝑣 𝛻𝑇𝑣 )
𝜕𝑛
𝐶𝑣,𝑙𝑣 = 𝐶𝑠𝑎𝑡 (𝑇𝑙𝑣)

n ∙ (−𝑘𝑙 𝛻𝑇𝑙 ) = (−𝐷𝑑𝑖𝑓𝑓

(8)
(9)

where k is the thermal conductivity of water and ℎ𝑓𝑔 is the latent heat of vaporization.
𝐶𝑣,𝑙𝑣 here is the vapor concentration at the liquid-vapor interface, which is equal to the
saturation concentration at the given temperature. Eq. (9) is derived according to the
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Clausius-Clapeyron equation and the ideal gas law, given by
𝑝𝑠𝑎𝑡 (𝑇𝑙𝑣 ) = 𝑝𝑠𝑎𝑡𝑟𝑒𝑓 𝑒𝑥𝑝

𝑀ℎ𝑓𝑔
𝑅

(𝑇

1

1

𝑠𝑎𝑡𝑟𝑒𝑓

−𝑇 )

(10)

𝑙𝑣

(11)

𝑝𝑉 = 𝑛𝑅𝑇

Based on the above two equations, the saturation concentration at the liquid-vapor
interface is formulated as
𝑐𝑠𝑎𝑡 (𝑇𝑙𝑣 ) =

𝑛𝑠𝑎𝑡 (𝑇𝑙𝑣 )
𝑉

=

𝑉
𝑅

𝑝𝑠𝑎𝑡 (𝑇𝑙𝑣 )∙ ̅ ∙𝑇𝑙𝑣
𝑉

=

𝑝𝑠𝑎𝑡𝑟𝑒𝑓
𝑅̅∙𝑇𝑙𝑣

𝑒𝑥𝑝 [

𝑀ℎ𝑓𝑔
1
(𝑇
𝑅̅
𝑠𝑎𝑡

𝑟𝑒𝑓

1

− 𝑇 )]

(12)

𝑙𝑣

this way, based on mass and energy balances, we have derived the heat conduction, the
convection in the liquid domain caused by inlet flow, the convection in the gas domain
caused by Stefan flow, and the convection caused by thermal buoyancy in both the
liquid and gas domains. Next, the Marangoni effect at the interface needs to be modeled,
based on the normal and tangential stress balance at the liquid-vapor interface:
2
[−𝜌𝐼 + 𝜇[𝛻𝜈 + (𝛻𝜈)𝑇 ] − 𝜇(𝛻 ∙ 𝜈)𝐼] n = γ𝛻𝑡𝑎𝑛 𝑇
3

(13)

Having established this comprehensive mathematical model, to ensure accuracy, we
performed a mesh independence study to investigate the influence of mesh size on
thermal performance. As listed in Table 1, for a triangular micropillar, three levels of
mesh with different element sizes were built for mesh independence study for a 8 mm
droplet with a 90 ℃ temperature boundary condition.
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Table 1.
Mesh independence study

Number of elements
Total evaporation
rate (kg/s)
Variation with respect
to Fine mesh

Coarse mesh
784067

Medium mesh
857889

Fine mesh
1097393

3.13×10-7

3.20×10-7

3.22×10-7

2.8%

0.8%

0.0%

The difference of total evaporation rate for the fine mesh and coarse is only 2.8%.
Therefore, the medium mesh is used for performing the simulation. For other sizes,
the mesh density is kept the same to ensure the accuracy.
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Chapter 3. Validation to the Reliability of Simulation
To validate the reliability of the simulation method, a set of additional computational
simulations with the same simulation method and corresponding evaporative
experiments were performed. In order to investigate the evaporative heat transfer
performance experimentally, a single triangular micropillar with two RTD elements
was prepared by microfabrication processes, and a customized thermal testing
platform which aims at performing the evaporation experiments was designed to form
an equilateral triangular droplet on the top of the micropillar. The final validation is
achieved by comparing the heat transfer coefficient and evaporative flux from
simulation results with that from the experimental measurement.

3.1 Hollow Micropillars Faberication
Experimental measurements were used to verify the numerical model. The substrate is
fabricated based on the 100 μm case. The three-step processes for fabricating a hollow
micropillar is illustrated schematically in Figure 2 as well as the SEM image of a
fabricated hollow micropillar.
In all steps, photolithography creates the patterns for deposition and etching. First, the
backside platinum (Pt) heaters and resistance temperature detector (RTD) sensors are
deposited. Then, through holes are etched from the backside of the wafer. Finally,
micropillars are created by etching away material from the frontside. In use, the Pt
heaters maintain the working temperature, as measured by the RTD sensors. Carrying
out the photolithography procedures in this order on a smooth silicon surface
produces accurate patterns with uniform sidewalls in the photoresist (PR) layer and
avoids the risk of deep hole clogging. After fabrication is complete, oxygen plasma
cleaning removes organic residue from the surface, so it does not clog the holes.
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Figure 2 Fabrication flow chart of the hollow micropillar and SEM view images of the

fabricated pillar including (a). SEM isometric view of micropillar, (b) SEM top view
of micropillar, and (c) SEM side view of the pinning droplet.

3.2 Experiment Setup
To conduct microdroplet evaporation experiments, a customized thermal test platform
was designed and developed as shown in Figure 3. During the evaporation process, a
constant pressure microfluidic system was incorporated into the test platform to
maintain a constant droplet size and shape.
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Figure 3. (a) Schematic drawing of the experimental setup. (b)-(e) Photograph of the

experimental setup.

To produce a stable droplet shape, DI water was pumped to the porous micropillar
before the experiment began. On the backside of the samples, two RTDs were
fabricated: one for the sensor, which measures the resistance value as it varies with
temperature to determine the temperature applied to the substrate, and the other for
the heater, which receives a voltage from a power source. After a constant droplet has
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been developed, a DC power (Keithley Instruments, 2231A-30-3, USA) is switched
on to apply a voltage to the RTD heater. A multimeter (Keithley Instruments,
DMM7510, USA) is then used to measure the resistance of the RTD sensor. The
resistance value measured is then used to determine the substrate temperature from
the RTD sensor's resistance vs temperature plot. The temperature vs resistance of the
RTD sensor was determined by calibrating it in an oven (Fisher, Isotemp 15-1030503, USA) at 30 °C to 100 °C with 10 °C intervals. The voltage from the power
source was gradually increased until the necessary substrate temperature of 60,70,80,
and 90 °C was achieved. The rate of evaporation from the microdroplets was
measured with a flow meter (Elveflow, MFS, range=0–7 L/min, resolution=0.01
L/min, France). Since the evaporation rate is lower than the flow meter's error range,
for a substrate temperature below 60 °C, the experiment was started at 60 °C. Before
taking the final measurement, steady state was confirmed by finding the time-average
values of the pressure, temperature, and flow reading on 30 sec intervals for 30
minutes. Then the final measurements were taken for 5 minutes.

3.3 Experimental Validation of the Simulation Model
We perform the evaporation experiments on a 100 µm droplet in an ambient
environment at a temperature of 22 ± 1 °C and a relative humidity of 25 ± 3%. Figure
4 shows the evaporative flux of droplets on a substrate for temperatures ranging from
60 °C to 90 °C. The evaporative flux is the evaporation rate per unit liquid-vapor
interfacial area, and is calculated by
𝐽=

𝑚𝑣
𝐴𝑙𝑣

where ṁ is the total evaporation rate from the droplet, measured using the
microfluidic flow sensor, and Alv is the liquid-vapor contact area. The maximum

(14)

16
difference between the experimental data and simulation results ranges from 1% at a
60 °C substrate temperature to 10% at 90 °C.

Figure 4 Evaporative flux on a 100 µm micropillar. The evaporative flux obtained

from simulation results agree well with the experimental measurement with the
relative error ranging from 1% to 10% as temperature decreases from 90 °C to 60 °C.

This nonlinear increase rate is caused by the nonlinear relationship between the
equilibrium pressure and the liquid vapor interfacial temperature. As shown by
Eq.(12), when Tlv is small, the saturated vapor concentration increases slowly.
However, as Tlv increases, the saturated vapor concentration increases at a faster rate
which enables a stronger concentration gradient in the vapor domain above the liquidvapor interface. In addition, the vapor concentration in the far-field (ambient) is
constant, and the diffusion coefficient will not vary too much with different
temperatures. Therefore, the evaporation rate from the droplet surface increases with
the vapor concentration gradient (Jevap = Ddiff𝛻Cv).
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This difference is attributed to our numerical simulation’s neglecting conduction
through the base substrate (i.e., the temperature measured by the RTD sensor is
different from the substrate temperature). In the experiment, the RTD sensor is
installed on the backside of the base substrate, which has a thickness of around 300
µm. The temperature at the micropillar base will be lower than that measured by the
RTD sensor, and this temperature difference increases with increasing evaporation
rate. Therefore, the thermal boundary condition imposed in the numerical simulation
is higher than the actual temperature in the experiments, which results in an overpredicted evaporation rate, and its differences are more significant at higher substrate
temperatures. For example, for an evaporation rate of 3.31×10-9 kg/s at a substrate
temperature of 90 °C, the heat flux is 6.33×105 W/m2. However, 300 µm thickness of
silicon implies a temperature difference of 1.5 °C across the silicon base substrate and
factoring that temperature into the heat flux calculation yields a 5% -10% higher
evaporation rate.
Even though the 90°C case has the most significant difference from the experimental
data, to achieve the most substantial convection current in the simulation, we used
90°C as the boundary condition of the system.

18
Chapter 4 Results and Discussion
4.1 Global Convection Pattern
After we validated the proposed simulation model with experimental data, we used
the same model to study non-axisymmetric sessile and continuously fed water
droplets evaporating from a heated micropillar. Five cases with different sizes were
simulated, ranging from 100 µm to 8 mm. Considering that a non-axisymmetric
droplet's diameter is not uniform, the size here refers to the diameter of a spherical
drop having the same liquid-vapor interface area and contact line perimeter as the
non-axisymmetric droplet. Different sizes were studied to demonstrate their effects on
convection. A larger size will exhibit a more intense recirculation vortex and more
significant thermal resistance. Therefore, to understand the different convection
patterns in the droplet, it is necessary to analyze multiple aspects of the problem. The
following analysis of the convection mode combines the global values of the Bond
number, the Péclet number, the Rayleigh number with the velocity and temperature
streamline plots in the flow field, and the local thermal resistance.
Table 1 shows the global values of three non-dimensional numbers -- the Bond
number, Péclet number, and Rayleigh number -- for different sizes. Based on a
previous study [22], the characteristic length of an evaporating non-axisymmetric
droplet is derived as
𝐿=

𝑉
𝐴𝐿𝑆

(15)

where V stands for the volume of the droplet and ALS is the area of the liquid-solid
interface. However, compared to a hemispherical droplet, when the liquid-solid
interface is the same, a non-axisymmetric droplet pinned on a triangular substrate
holds a smaller volume of liquid [13, 28], which leads to a characteristic length that is
smaller than the actual value. Therefore, we chose to use the droplet apex's height,
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measured from the substrate to the apex, to get accurate estimates of the nondimensional numbers [17].
The Bond (Bo) number is the ratio of the buoyant force to the surface tension force.
Due to unavoidable surfactant contamination, when Marangoni flow is absent, an
increase in Bo with increasing size reflects a greater influence of gravitational force.
The Péclet (Pé) number can assess the relative strengths of convective heat transfer
and diffusive heat transfer. In general, convection is considered significant when Pé is
larger than 1. Furthermore, a larger Pé represents a stronger convection current. To
evaluate the magnitude of buoyancy-driven convection, we use the Rayleigh (Ra)
number. A Rayleigh number of around 2000 is associated with the emergence of
buoyancy-driven convection [29]. Although capillary flow inside the droplet is
challenging to assess using a non-dimensional number, considering the connection
between viscous drag force and mass conservation, the calculated average mass flux
integrated along the droplet interface can be used to characterize the capillary flow.
Table 2
Result summary of non-dimensional number and mass flux
Size(mm)

0.1

2.0

4.0

6.0

8.0

Characteristic Length (m)
Bond number
Péclet number
Rayleigh number

4.17×10-5

8.34×10-4

1.67×10-3

2.50×10-3

3.34×10-3

2.63×10-4
1.86×10-1

1.05×10-1

4.20×10-1

9.49×10-1

0.08

0.42
6.80×102

7.42
4.70×103

17.21
1.34×104

1.69
27.77
2.58×104

Mass flux（kg/m2s)

2.80×10-1

1.36×10-2

7.15×10-3

5.00×10-3

3.71×10-3
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Figure 5 Non-dimensional numbers and mass flux values for triangular non-

axisymmetric droplets with different equivalent diameters. At 2 mm, all four curves
show a pronounced transition to larger sizes.

As seen in Figure 5, a sudden transition in all four curves starts at 2 mm and continues
for larger sizes, indicating that convection becomes more important than conduction
at a critical size in the range at or beyond 2 mm. At the transition, the nondimensional numbers' values all reach what is called a critical number (for Pé, the
critical number is 1, and for Ra it is 2000). For example, at equivalent diameters under
2 mm, the Péclet number is smaller than 1, and above 4 mm, it is much greater than 1.
This change in Péclet number indicates that the heat transfer in the droplet transitions
from diffusive to convective. Examining the Rayleigh number curve, at equivalent
diameters under 2 mm, it is smaller than 2000, and after 4 mm, it is greater than 2000.
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Considering the cubic relationship between the Rayleigh number and the
characteristic length, this increase mainly reflects the influence of the droplet size on
convection. Magnitude changes in the mass flux characterize capillary flow, and these
changes show that capillary flow is suppressed by buoyant flow at increasing sizes.
The mass flux experiences a sudden drop at 2 mm, then remains low at larger sizes,
which similarly shows that capillary flow is suppressed. The sudden drop in mass
flux, taken together with the increasing Ra number and Pé number, confirm the
enhancement of buoyancy-driven flow and its suppression of capillary flow.
However, while all these non-dimensional numbers and criteria help to characterize
the state of the fluid, the flow pattern is determined by the droplet’s thermal resistance
and shape. For a deeper understanding, it is necessary to interpret the temperature and
velocity field plots and to combine them with the local geometry and thermal
resistance.

4.2 Local Evaporation Study
Here, to better analyze the evaporation behavior and convection pattern of nonaxisymmetric droplets, we use a cylindrical coordinate system and radial location, as
shown in Figure 6.
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Figure 6 (a) Top view of a droplet and pillar; the droplet geometry is generated by

Surface Evolver. (b) Cross section view of the droplet taken at α = 60° at different
normalized radial locations. (c) Isometric view of the microdroplet evaporating on a
triangular micropillar, with cross section views taken at different azimuthal angles.

Figure 7 and Figure 8 show the resultant velocity and temperature fields, and the flow
fields. Since the droplets' flow pattern is similar for sizes larger than 2 mm, results are
reported for only the largest case (8 mm) and smallest case (100 μm). The following
figures are side views taken along α = 60°, as shown by the red dashed line in Figure
6(a). The left parts of Figures 7a and b and 6a and b show the fields for α = 60°, while
the right parts are the fields for α = 240°. Due to the partial axisymmetry of the
droplets, α = 240° has the same pattern as α = 0°. In Figure 7(a), showing a 100 μm
droplet, all the streamlines are parallel and moving toward the liquid-vapor interface,
indicating the flow is driven only by capillary force, which completely dominates
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over buoyancy-driven flow. Compared to the evaporation of an unpinned contact line
sessile droplet, where capillary flow carries fluid from the apex to the contact line
region [30, 31], in Figure 7(a) the streamline arch’s flow in the opposite direction is
due to capillary flow driving supplementary water from the bottom of the pillar to the
apex and contact line region. In Figure 8(a), we observe high velocity at the contact
line region, revealing that most evaporation happens in this region of the droplet.

Figure 7. Temperature field in different color and flow field in streamlines. (a) Flow

and temperature field at 100 μm, green box here highlights the silicon substrate. (b)
Flow and temperature field at 8 mm, green box here highlights the hollow structure.
In Figure 7(b), inside the 8 mm droplet, the two outward recirculation vortices result
from buoyancy-driven convection, similar to the findings of previous studies [22, 32].
While the convective vortices of most hemispherical droplets are mirror symmetric
about the vertical axis [26,33, 34], the non-axisymmetric droplets here present an
asymmetric convection mode.
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However, hemispherical axisymmetric droplets can also show an asymmetric
convection mode under certain conditions. Dash et al. [26] show that when the droplet
rests on a superhydrophobic substrate, a single-roll asymmetric vortex, akin to the
solid-body rotation of a sphere, is observed. The single-roll vortex is due to the
dependence of the primary instability mode of Rayleigh–Bénard convection, and the
threshold for obtaining an asymmetric flow state in a cylindrical structure through
Rayleigh–Bénard convection was determined experimentally and numerically.[35, 36,
37] Neumann et al. [37] performed a nonlinear numerical analysis of convection and
showed that, for a cylinder heated on its end, stable axisymmetric toroidal vortex
solutions are restricted to aspect ratios (AR = h/D; where h is the height of the
cylinder and D is the base diameter) of less than 0.72, depending on the wall
boundary condition [36, 37]. While these thresholds are established based on the flow
inside the cylindrical structure, experimental and numerical results support that
interior droplet flow obeys a similar criterion. [26] Hence, the asymmetric single-roll
vortex in the symmetric hemispherical droplet occurs because its aspect ratio (h/D =
0.93) is larger than the threshold ration of 0.72; thus, the instability of Rayleigh–
Bénard convection causes the asymmetric pattern. However, in our case, the local
aspect ratio is 0.57 at α = 0° and 0.28 at α = 60°, so the vortex is stable and will not be
influenced by an unstable mode of Rayleigh–Bénard convection. Specifically, the
asymmetric pattern in the non-axisymmetric droplet is not due to unstable Rayleigh–
Bénard convection.
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Here, the unique geometry and non-uniform substrate cause asymmetric convection in
the non-axisymmetric droplet. This pattern is the combined effect of buoyancy-driven
flow and capillary flow: the buoyant flow does not entirely suppress the capillary
flow. The temperature gradient along the vertical direction is not large enough to
support buoyant flow in the small film thickness near the contact line region. The thin
film also has a low thermal resistance that supports extensive evaporation near the
contact line region, so the stable contour of the droplet confirms the existence of
capillary flow. The following local thermal resistance analysis further validates this
conclusion. Near the apex region and interface, the outward buoyant flow has the
same direction as the capillary flow. Buoyant force drives warm liquid from the
droplet’s bottom to its apex, then, aided by viscous force, it moves the liquid along the
interface to the contact line region. Meanwhile, down at the droplet’s bottom, heat
conduction from the hot substrate starts to warm the liquid near the contact line
region, producing an intermediate cooler region corresponding to the temperature dip
in Figure 7(b) above the substrate. Furthermore, the temperature dip position is
determined by the force balance between downward, cold, high-density buoyant flow,
and upward, hot, low-density buoyant flow, and it outlines the boundary of the
recirculation vortex.
Comparing Figure 7(a) with Figure 8(b) shows that the highest velocity region of the
droplet changes from the contact line region to the bulk region. Compared to a
hemispherical droplet, whose highest velocity is in its center [23, 33], here, due to the
non-axisymmetric shape and unique convection pattern of the droplet, the maximum
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velocity spot is pulled away from the center by asymmetry of the recirculation
vortexes. Besides the two main recirculation vortexes in the droplet, there are another
two recirculation vortexes inside the hollow structures. Here, velocity fields become
more concentrated by the temperature gradient along the radial direction, causing
buoyancy-driven recirculation vortexes moving inward and downward.

Figure 8. Velocity field in different color and flow field in streamlines. (a) Flow and

velocity field at 100 μm. (b) Flow and velocity field at 8 mm.

To better understand the interplay between buoyancy-driven flow and capillary flow,
we analyzed conduction, diffusion, and convection thermal resistance, based on the
convection pattern. Specifically, we calculated and compared the local distributions of
these thermal resistances at different normalized radiuses and azimuthal angles.
Within the droplet, conduction resistance and convection resistance account for the
temperature decrease from the solid-liquid interface to the liquid-vapor interface.
Moreover, diffusion resistance and convection resistance in the gas domain cause the
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temperature drop from the liquid-vapor interface to the ambient air. Across the
droplet, heat is transferred from the top surface of the heated substrate to the liquidvapor interface, following the path with the smallest conduction and convection
resistances.
Thus, the local study of conduction, diffusion, and convection resistances helps
understand the heat transfer inside the droplet and further reveals the convection
pattern changes with different sizes. The resistances are obtained through:
𝑅𝑐𝑜𝑛𝑑&𝑐𝑜𝑛𝑣 =
𝑅𝑑𝑖𝑓𝑓&𝑐𝑜𝑛𝑣 =

(𝑇𝑠𝑢𝑏 −𝑇𝑙𝑣 )
𝑚̇𝑙𝑜𝑐𝑎𝑙 ∙ℎ𝑓𝑔
(𝑇𝑙𝑣 −𝑇∞ )
𝑚̇𝑙𝑜𝑐𝑎𝑙 ∙ℎ𝑓𝑔

(16)
(17)

Where Tsub is the temperature applied at the substrate, Tlv is the local temperature at
the liquid-vapor interface, and T∞is the temperature at the far field, and ṁlocal is the
local evaporation rate.
Figure 9 shows the distributions of the local conduction and convection resistances,
alongside the diffusion and convection resistances in the radial direction, taken at
different azimuthal angles. Five simulations coupled with convection are presented,
including droplet sizes of 100 μm, 2 mm, 4 mm, 6 mm, and 8 mm, and one diffusiononly model studied at 8 mm.
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Figure 9. The radial distribution of local thermal resistances on planar cross-sections at

different azimuthal angles in an evaporating droplet. For both thermal resistances, at
equivalent diameter at 4 mm, 6 mm, and 8 mm, the curves change is nonmonotonically, shows the onset of recirculation vortexes in the droplets.

From the apex (r/R = 0) to the contact line (r/R = 1), excluding the “diffusion only”
curve, the thermal resistance curves for 100 µm and 2 mm droplets decrease
monotonically. Although the three larger sizes display peaks, overall they decrease
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non-monotonically. With increasing droplet size, the transition from monotonic to
non-monotonic shows the onset of convection in the droplet in sizes larger than 2 mm,
consistent with the results shown by the non-dimensional numbers in Figure 5.
Moreover, from the local thermal resistances, for sizes over 2 mm, we can observe
that the curves’ peaks follow the same trend for all three azimuthal angles.
Specifically, as the size increases from 4 mm to 8 mm, the curves’ peaks start to move
away from the apex and shift toward r/R = 1. Both the conduction and convection
resistances as well as the diffusion and convection resistances exhibit this trend.
However, the shift is much more apparent in the former, indicating that convection
and heat transfer are more sensitive to size in droplets than they are in the gas domain.
To understand such a shift, Figure 10 displays the flow patterns at different sizes and
different azimuthal angles to link the local thermal resistances with the convection
patterns.
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Figure 10. Flow patterns displayed with local thermal resistances; sizes here refer to

the equivalent diameter. An 8 mm droplet convection pattern at α = 60° and its
conduction and convection resistances curve are connected and divided as mixing
region in red box and red dashed line, intermediate cooler region in blue box and blue
dashed line, and thin-film region in green box and green dashed line.

In Figure 10, the local conduction and convection resistances at an azimuthal angle of
60° for an 8 mm droplet illustrate the connection between heat transfer and
convection patterns. The droplet and curve are divided into three parts based on the
convection pattern, including a mixing region (r/R = 0 to r/R = 0.5), an intermediate
cooler region (r/R = 0.5 to r/R = 0.7), and a thin-film region (r/R = 0.7 to r/R = 1).
Based on the link between the temperature dip and the peak of the curve, the shift of
the peak in the radial direction, closer to the r/R = 1, from 4 mm to 8 mm indicates
that as the droplet size increases, the recirculation vortex shifts closer to the thin-film
region and becomes larger, since according to the formation mechanism of buoyant
flow, the temperature dip represents the boundary of the recirculation vortex. From
Figure 10(b) to Figure 11(c), at α = 60° the pattern change shows the curve's
corresponding shift. Furthermore, the shift of the peak closer to r/R = 1 also
characterizes an excess of buoyant force over capillary force as size goes up, because
a smaller thin-film region and a lower mass flux indicate smaller capillary flow.
Moving from the intermediate cooler region to the thin-film region, capillary flow still
dominates the convection pattern due to the low temperature gradient caused by the
small dimensions and low thermal resistance, as discussed before.

31
Comparing the full model's thermal resistances with the diffusion model for 8 mm in
Figure 9, we can see that the diffusion-only curves begin above the full-model curves
and the gaps keep narrowing with increasing r/R until they intersect before the fullmodel curves reach the peak. Then, after the full-model curves’ peak region, these two
curves converge as r/R becomes closer to 1. This trend, which is constant over
different thermal resistances and different azimuthal angles, reveals that in the mixing
region buoyancy-driven convection promotes evaporation by mixing the fluid and
reducing the temperature gradient result in lower conduction and convection
resistance. In Figure 10, as the sizes increase, the temperature fields become more
uniform in the mixing region, which is consistent with the curve in Figure 9 and
further supports the above conclusion. The temperature dip caused by recirculation
creates high thermal resistances above the thin-film region and suppresses evaporation
at the liquid-vapor interface. This suppression is particularly significant for diffusion
and convection resistances because the heat transfer in the gas domain is more
sensitive to the surface temperature than heat transfer in the liquid domain.
Furthermore, the convergence of the two curves near r/R = 1 indicates that capillary
flow dominates in this area, since the diffusion-only model simulates the situation
where only diffusion and capillary flow exist. Comparing the temperature fields and
streamlines near the thin-film regions for the different sizes and angles in Figure
10(a), (b), and(c), we see the patterns and distributions are almost the same, further
confirming that capillary flow still dominates over convection in the thin-film regions
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for all studied sizes, while buoyancy-driven flow dominates over convection in the
mixing region and intermediate cooler region.
Different from hemispherical droplets, the convection modes of non-axisymmetric
droplets change in the circumferential direction. From Figure 10(b) and (c), the
streamlines change from circle-like solenoids at 0° to partially closed circle-like
vortexes at 30°, and back to ellipse-like solenoids at 60°. Moreover, taking the 8 mm
full-model local conduction and convection resistance curves as an example, the peak
shifts from r/R = 0.89 to r/R = 0.87 to r/R = 0.63 as the azimuthal angle increases
from 0° to 30° to 60°; the peak’s value correspondingly increases from 3×10-3 to 4×
10-3 Km2/W. Although the trends in peak-shift values with increasing sizes and
increasing azimuthal angles are analogous, these two similar trends have different
causes. The former is caused by different convection modes under different sizes,
while the latter is caused by the asymmetrically distributed thin-film area in the
circumferential direction.
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Figure 11. Normalized mass flux at different azimuthal angles for an 8 mm droplet.

The mass flux is normalized to its largest value. High value near r/R = 1 indicates
most of the evaporation happens near the contact line region. Different value of mass
flux before r/R = 1 suggests the different evaporation phenomenon due to nonaxisymmetry of the droplet.
As shown in Figure 7(b), Figure 8(b), and Figure 10, the centers of the recirculation
vortexes in non-axisymmetric triangular droplets are co-linear, indicating that the
vortexes do not move vertically with increasing azimuthal angles, as they do in a
hemispherical droplet. As mentioned before, the temperature dips in different radial
directions alter the vortex ranges and cause radial shifts of the thermal resistance
curve peak. The non-uniform substrate results in different heating rates which, in
combination with different contact angles, results in different recirculation vortex
ranges: while α = 0° has the largest contact angle and the lowest heating rate, resulting
in the smallest thin-film region, α =60° has the smallest contact angle and the largest
heating rate, generating the largest thin-film region along the circumference. Figure
11 illustrates these relationships: at α =60°, the curve shows a large thin-film region,
which indicates a larger capillary flow compared to α = 0°. Simultaneously, since the
location of the temperature dip is the result of buoyant force balance, a larger thinfilm area ensures a larger upward buoyant force, moving the temperature dip farther
away from the substrate and causing higher conduction and convection resistance.
Furthermore, a larger thin-film region at α =60° compared to α = 0° supports more
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evaporation to happen here. Thus, more mass is consumed at α = 60°, explaining the
maximum velocity spot's shift in Figure 8(b).
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Chapter 5 Conclusion
In this study, we present the results of numerical research on buoyancy-driven
convection in non-axisymmetric evaporating water droplets confined on hollow
micropillars with different cross-sectional areas. To begin, we analyze different
convection patterns globally by using different non-dimensional numbers, including
the Bond number, Péclet number, and Rayleigh number. Next, we analyze the
temperature fields and velocity fields, using streamlines to show the convection
pattern of non-axisymmetric droplets of different sizes. We then summarize the
recirculation vortex features, giving an overview of the convection pattern. Finally,
we study local thermal resistances and flow fields for different droplet sizes and
different azimuthal angles. These steps reveal the mechanisms underlying the
convection patterns of non-axisymmetric droplets. Recirculation vortexes due to
buoyant flow start to appear in axisymmetric droplets with diameters larger than 2
mm, measured as if they were equivalent hemispherical droplets.

The appearances

coincide with the critical values of the Péclet number and Rayleigh number. For
droplets with equivalent diameters between 4 mm and 8 mm, by analyzing the shift of
the peak in the thermal resistance curve, we obtain the movement of the recirculation
vortex. Combining this movement with the flow field. we conclude that convection in
non-axisymmetric droplets is the result of buoyant force, capillary force, and the
droplet geometry. These new insights into the convection mechanisms of nonaxisymmetric droplets can help guide the design of micro engineered surfaces for
evaporation processes in a wide variety of industrial applications. Future experimental
and numerical studies of convection patterns under different pressures and with
different working fluids will be required to obtain more quantitative relationships
between convection patterns and specific non-axisymmetric droplets.
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